Abstract. We show by adopting Schertz's argument with the Siegel-Ramachandra invariants that the singular values of certain ∆-quotients generate ring class fields over imaginary quadratic fields.
Introduction
In number theory ring class fields over imaginary quadratic fields, more exactly, primitive generators of ring class fields as real algebraic integers play an important role in the study of certain quadratic Diophantine equations. For example, let n be a positive integer and H O be the ring class field of the order O = Z[ √ −n] in the imaginary quadratic field K = Q( √ −n).
If p is an odd prime not dividing n, then we have the following assertion: Fourier coefficients generates H O over K. And, Cho-Koo ([2, Corollaries 4.4 and 4.5]) recently revisited and extended these results by using the theory of Shimura's canonical models and his reciprocity law.
On the other hand, Ramachandra ([13, Theorem 10] ) showed that arbitrary finite abelian extension of an imaginary quadratic field K can be generated over K by a theoretically beautiful elliptic unit, but his invariant involves overly complicated product of high powers of singular values of the Klein forms and singular values of the ∆-function to use in practice. This motivates our work of finding simpler ring class invariants in terms of the SiegelRamachandra invariant as Lang pointed out in his book ( [12, p.292] ) in case of ray class fields.
More precisely, for any pair (r 1 , r 2 ) ∈ Q 2 − Z 2 we define the Siegel function g (r 1 ,r 2 ) (τ ) on H by the following infinite product g (r 1 ,r 2 ) (τ ) = −q (1/2)B 2 (r 1 ) e πir 2 (r 1 −1) (1 − q z )
(1 − q n q z )(1 − q n q −1 z ), (1.1) where B 2 (X) = X 2 − X + 1/6 is the second Bernoulli polynomial, q = e 2πiτ and q z = e 2πiz with z = r 1 τ + r 2 . As the singular values of Siegel functions we shall define the SiegelRamachandra invariants in §2. And, by adopting Schertz's idea ([14, Proof of Theorem 3]) we shall determine certain class fields over K generated by norms of the Siegel-Ramachandra invariants (Theorem 2.7). In the case of ring class fields we are enable to express the norms as the singular values of certain ∆-quotients (Theorem 4.2), where
For example, let N = n k=1 p e k k be a product of odd primes p k which are inert or ramified in K/Q. We assume that e k + 1 > 2/r k (k = 1, · · · , n) and gcd(p 1 , ω K ) = 1 if n = 1 gcd(
where r k is the ramification index of p k in K/Q and ω K is the number of roots of unity in K. Then, certain quotient of the singular values ∆((N/N S )θ), where N S are the products of p k 's, becomes a generator of the ring class field of the order [Nθ, 1] over K (Remark 4.3). This result is a continuation of our previous work with n = 1 ( [7, §5] ). Note that Theorems 2.7 and 4.2 heavily depend on Lemma 2.5 which requires the assumption (2.3). However, in §5 we shall develop a lemma which substitutes for Lemma 2.5 in order to release from the assumption (2.3) to some extent (Lemma 5.3 and Remark 5.5). For example, let K be an imaginary quadratic field other than Q( √ −1), Q( √ −3), and N (≥ 2) be an integer with prime factorization N = Lastly, by making use of our simple invariant developed in Theorem 4.2 we shall present three examples (Examples 4.4, 4.5 and 5.6).
Primitive generators of class fields
In this section we shall investigate some class fields over imaginary quadratic fields generated by norms of the Siegel-Ramachandra invariants.
For a given imaginary quadratic field K we let
the ring of integers of K, ω K : the number of root of unity in K, I K : the group of fractional ideals of K, P K : the subgroup of I K consisting of principal ideals of K.
And, for a nonzero integral ideal f of K we set
: the subgroup of I K consisting of ideals relatively prime to f, P K,1 (f) : the subgroup of I K (f) ∩ P K generated by the principal ideals αO K for which α ∈ O K satisfies α ≡ 1 (mod f), Cl(f) : the ray class group (modulo f), namely,
C 0 : the unit class of Cl(f), ω(f) : the number of roots of unity in K which are ≡ 1 (mod f), N(f) : the smallest positive integer in f.
By the ray class field K f modulo f of K we mean a finite abelan extension of K whose Galois group is isomorphic to Cl(f) via the Artin map σ, namely
In particular, if f = O K , then we simply denote K f by H and call it the Hilbert class field of K. We have a short exact sequence
For a character χ of Cl(f) we denote by χ the character of π f (O K ) * defined by
k , then from the Chinese remainder theorem we have an isomorphism
and natural injections and surjections
respectively. Furthermore, we consider the characters χ k of π p
Lemma 2.1. The notation being as above, we have
Proof. (i) and (ii) are immediate by the definitions of conductors and χ, χ k , ι, v k . (iii) Without loss of generality we may assume χ n = 1. Suppose on the contrary p n ∤ f χ . Then, by the definition of f χ there is a character ψ ′ of Cl(f χ ) which makes the following diagram commutative: 
which renders a contradiction. Therefore, p n |f χ .
If f = O K and C ∈ Cl(f), we take any integral ideal c in C. Let fc
where a, b are integers such that 1 = (a/N(f))z 1 + (b/N(f))z 2 . This value depends only on the class C and belongs to the ray class field K f ([10, Chapter 2 Proposition 1.3 and Chapter 11 Theorem 1.1]). And, there is a well-known transformation formula
For a nontrivial character χ of Cl(f) with f = O K , we define the Stickelberger element as
and consider the L-function 
where
with γ any element of K such that γd K f χ is an integral ideal relatively prime to f. 
Using the fact ζ m = χ(b m ) one can readily show that ψ is a well-defined character of A, b which extends χ and also satisfies ψ(b) = ζ. Lemma 2.5. Let K be an imaginary quadratic field and f = n k=1 p
Suppose χ k = 1 for some k. Let ν k be a prime number in the assumption (2.3) and S be a Sylow
is also a power of ν k . Define a character ψ of Cl(f) by
We then achieve (χψ)
which yields ψ ℓ = 1 and (
which shows ψ = 1. Hence ψ k = 1 by the fact ψ ℓ = 1 for ℓ = k and Lemma 2.1(ii). Therefore we obtain ( χψ)
Now, we replace χ by χψ and repeat the above process for finitely many ℓ ( = k) such that χ ℓ = 1. After this procedure we finally establish a character χ of Cl(f) which satisfies
We derive by Lemma 2.1 that p k |f χ for all k = 1, · · · , n. This proves the lemma.
Remark 2.6. From the commutative diagram of exact sequences where vertical maps are natural projections, one can readily obtain
Hence we have
by using Lemma 3.7(ii), which will be used in the next section. Similarly, again from the commutative diagram we come up with
. Theorem 2.7. Let L be a field in Lemma 2.5 which satisfies the assumption (2.3). Then the singular value 
which gives a contradiction. Therefore L = F , as desired.
Remark 2.8. Observe that any nonzero power of ε generates L over K, too.
Actions of Galois groups
In this section we shall determine Galois groups of ray class fields over ring class fields by Shimura's reciprocity law.
For an integer N (≥ 1) let ζ N = e 2πi/N and Γ(N) = {γ ∈ SL 2 (Z) : γ ≡ ( 1 0 0 1 ) (mod N)}. Furthermore, we let F N be the field of modular functions for Γ(N) whose Fourier coefficients lie in Q(ζ N ).
Proposition 3.1. F N is a Galois extension of F 1 = Q(j(τ )) whose Galois group is isomorphic to
Here, the matrix We need some transformation formulas of Siegel functions to apply the above proposition.
where X is the fractional part of X ∈ R such that 0 ≤ X < 1.
Proof. Let K be an imaginary quadratic field of discriminant d K , and define 
For every positive integer N, we define the matrix group 
h ∈ F N is defined and finite at θ), (3.2)
The ring class field H O of the order O of conductor N (≥ 1) in K is by the definition a finite abelian extension of K whose Galois group is isomorphic to I K (NO K )/P K,Z (NO K ) via the Artin map, where P K,Z (NO K ) is the subgroup of P K (NO K ) generated by principal ideals αO K with α ≡ a (mod NO K ) for some integer a prime to N. Then, H O is contained in the ray class field K (N ) . Lemma 3.6. Let K be an imaginary quadratic field and θ be as in (3.1). Let N be a positive integer. Then,
2 } as in Proposition 3.1, and let α ′ be a preimage of α via the natural surjection SL 2 (Z) → SL 2 (Z/NZ)/{±1 2 }. Then, α ′ belongs to Γ 0 (N). We then obtain from Propositions 3.1 and 3.4 that
and Proposition 3.2(i).
This proves the lemma.
Lemma 3.7. Let K be an imaginary quadratic field of discriminant d K . We have the following degree formulas:
where h K is the class number of K and (d K /p) is the Kronecker symbol.
(ii) If f is a nonzero integral ideal of K, then
where ϕ is the Euler function for ideals, namely
for a power of prime ideal p (and we set ϕ(O K ) = 1). 
Proof. If N = 1, then it is obvious. So, let N ≥ 2. Observe first that the above map is welldefined and injective by Proposition 3.4 and Lemma 3. 
and we have the prime ideal factorization
We derive by Lemma 3.7 that 
Ring class invariants
We shall make use of Theorem 2.7 to construct primitive generators of ring class fields as the singular values of certain ∆-quotients.
Lemma 4.1. For a positive integer N, we have the relation
where the left hand side is regarded as 1 when N = 1.
Proof. For N ≥ 2 we find that
by the definition (1.1)
by the identity
We are ready to prove our first main theorem.
Theorem 4.2. Let K be an imaginary quadratic field and θ be as in (3.1). Let O be the order of conductor N =
If f = NO K satisfies the assumption (2.3) in Lemma 2.5, then the singular value
generates H O over K as a real algebraic integer.
12N by the definition. We get that
which is a generator of H O over K by Theorem 2.7 and Remark 2.8. On the other hand, the
) is an algebraic integer by Propositions 3.3(iii) and 3.5(i). Furthermore, each factor ∆((N/N S )θ)/∆(θ) appeared in (4.2) belongs to the ring class field of the order of conductor N/N S in K as a real algebraic number by Proposition 3.5(ii). Therefore the value in (4.2) without N th power generates H O over K as an algebraic integer. We further observe that S⊆{1,2,··· ,n}
This completes the proof. 
, we have
by Proposition 3.8. Assume further that
Then, since
we can take ν k = p k as for the assumption (2.3) in Lemma 2.5. Therefore one can apply Theorem 4.2 under the assumptions (4.3) and (4.4). Theorem 12 .34]), in other words, H = K. Let O be the order of conductor N = 7 in K. We get by Propositions 3.4 and 3.8 that 
On the other hand, if we compare its coefficients with those of the minimal polynomial of the classical invariant j(7θ), we see in a similar fashion that the latter are much bigger than the former as follows: 
We associate to each Q k (k = 1, 2) a matrix in GL 2 (Z/NZ) and a CM-point as follows:
Then we see from [16, §6] that
where h ∈ F N is defined and finite at θ = √ −5. Furthermore, it follows from Propositions 3.4 and 3.8 that
3 )}. Hence we achieve that
where h ∈ F N is defined and finite at θ. The conjugates of ∆(6θ)∆(θ)/∆(2θ)∆(3θ) estimated according to Theorem 4.2 are
possibly with some multiplicity. And, since the function ∆(6τ )∆(τ )/∆(2τ )∆(3τ ) ∈ F N has rational Fourier coefficients, the action of each α ℓ β k on it can be performed as in the previous example. Thus the minimal polynomial of ∆(6θ)∆(θ)/∆(2θ)∆(3θ) becomes a divisor of
This polynomial is, however, irreducible and hence the singular value ∆(6θ)∆(θ)/∆(2θ)∆(3θ) should be a primitive generator of H O over K.
Another approach
We shall develop a different lemma which substitutes for Lemma 2.5, from which we are able to find more N's in Theorem 4.2.
Throughout this section, we let K be an imaginary quadratic field other than Q( √ −1), Q( √ −3), and θ be as in (3.1). Let O be the order of conductor N (≥ 2) in K with
We use the same notations π f , ι, ι k , v k , Φ f as in §2. And, by Cl(H O /K) we mean the quotient group of Cl(f) corresponding to Gal(H O /K) via the Artin map, that is
we obtain from the exact sequence (2.1) and Galois theory another exact sequence
We know by the fact ω K = 2 and Lemma 3.7 that
On the other hand, since Cl(
; hence we achieve
Lemma 5.1. Let G be a finite abelian group and H be a subgroup of G. There is a canonical isomorphism between character groups {characters of G which are trivial on H} −→ {characters of G/H} χ
Proof. One can readily check that the map in (5.6) is a well-defined injection. For surjectivity, let ψ be a character of G/H. Then the character
of G maps to ψ via the map in (5.6), which claims the surjectivity.
Thus we have a canonical isomorphism {characters of Cl(f) which are trivial on Cl(
by Lemma 5.1 and definition (5.1). For any character ψ of Cl(H O /K) we defině
If χ maps to ψ via the map in (5.7), then we derive
from which it follows that
is the natural projection which deletes the k-th component. For each character ψ ∈ V , fix a character ψ ′ ∈ W which extends ψ (by Lemma 2.4). (i) There is a bijective map
(ii) We have the inequality
Proof. (i) We see from Lemma 5.1 that both U × V and W have the same size. Hence it suffices to show that the above map is injective, which is straightforward.
(ii) Without loss of generality it suffices to show that there is an injective map
(5.10), the fact ψ 1 , ψ 2 ∈ V and (5.4) that ψ 1 = ψ 2 , which concludes the injectivity of κ. This completes the proof.
then there is a character χ of Cl(f) such that
Proof. We first derive that
from the exact sequence (5.3) and (5.5)
by the assumption (5.14).
On the other hand, we find that #{χ of Cl(f) : Proof. Let ε = N K f /H O (g f (C 0 )) and F = K(ε) as a subfield of H O . Suppose that F is properly contained in H O , then there is a character χ of Cl(f) satisfying the condition (5.15) in Lemma 5.3. Since p k |f k for all k = 1, · · · , n, the Euler factor of χ in Proposition 2.2 is 1, and hence the value S f (χ, g f ) does not vanish by Remark 2.3(ii). On the other hand, we can derive S f (χ, g f ) = 0 by using the condition (5.15) of χ in exactly the same way as the proof of Theorem 2.7, which gives rise to a contradiction. Therefore H O = K(ε), and hence we can apply the argument of Theorem 4.2 to complete the proof. 
